Summary. An estimate is derived for the error committed by the introduction of artificial boundaries and corresponding artificial boundary conditions when solving wave equations on unbounded domains. The estimate has two terms. One is proportional to the largest reflection coefficient for the artificial boundary condition, the maximum taken only on those rays which appear in the computation. The second term is proportional to 1/k where k is a measure of the average frequency present in the solution.
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w 1. Setting the Problem
To compute a solution of the wave equation
Lu=632u/~t2--Z (~2u/t')x2=O
with x~N d, one is forced by the finiteness of any computing machine to replace Ra by a bounded subset, g2. Then, in addition to the Cauchy data, one must impose conditions at the boundary of this compact domain in order to define a unique approximant. The usual idea is the following. In the exterior of Q, u satisfies Lu = 0 with vanishing initial data. Let N be the Dirichlet to Neumann operator, u IR • 0n ~ 0~ u [~ • on. Ideally, one would impose the transparent condition, 0vv+Nv=0, at the boundary. Then the solution v would be the exact solution and waves would pass freely through c~O. However, N is nonlocal and this nonlocality, especially in time, makes a time stepping scheme impossible. The boundary conditions chosen in practice are designed to approximate this exact condition. Waves defined by the mixed problem are partially reflected, the boundary is not transparent. The goal is to impose artificial boundary conditions which are weakly reflecting in some sense. Such conditions are often called absorbing since the majority of a wave is absorbed by the boundary and only a small part is reflected. To summarize, a good artificial condition must define a well-posed mixed initial boundary value problem and should be absorbing.
In two important papers, Engquist and Majda [2, 3] constructed a family of such boundary conditions whose reflection coefficients (to be defined later) could be made as small as one likes. They were generated by Pad6 approximants to the exact, or transparent, condition. Taylor polynomial approximations of order higher than one yield ill-posed mixed problems (see also [10] ).
It is the goal of this paper to analyze the error committed when using artificial boundary conditions. The error estimate is a sum of two terms. One is proportional to the largest relevant reflection coefficient, and the other is proportional to 1/k where k is a measure of the average frequency in the wave considered. The latter is present because the ideas of geometric optics, in particular the reflection coefficient, are appropriate at high frequency only.
The result, and the proof, are quantitative versions of the now standard qualitative results describing the reflection of singularities.
w 2. The Artificial Boundary Conditions
We suppose that Cauchy data are given in a set c0cN a. The computation is then to be performed in the artificial domain f2, co~ f2cN a. Two common choices for f2 are balls and rectangles. We suppose that f2 is convex with smooth boundary of strictly positive curvature (unhappily, rectangles do not satisfy this hypothesis). The approximate solution, v, is defined in [0, T] x f2 as the solution of a mixed initial boundary value problem Here, B is a boundary condition given by an operator of order m at P,~ x 0f2 possibly pseudodifferential in the 0f2 variables. Since ~ x Of 2 is noncharacteristic for L, we can express any derivative of v in terms of tangential derivatives of v and its outward normal derivative 0~v. Thus, the boundary operator can be written in the form B=P0~+Q,
where P (respectively Q) is a pseudodifferential operator of degree m-1 (respectively m) on the boundary ~ x 0f2. The operators P and Q are assumed to be differential in time, so their symbols are polynomials in z. The principal symbols of P and Q are denoted P,,_ ; and Qm. We suppose that the mixed problem L, B is well posed in the sense that for Cauchy data, v(0, .), vt(0, .)~C~(f2) there is a unique solution veC~)([0, T] relevant. First notice that the wavefront set WFu is contained in the union of null bicharacteristics of L which pass over ~o. The projections of these null bicharacteristics onto t, x space cut P~ x 0~2 transversally thanks to the fact that ~2 is strictly convex. At q in the boundary these bicharacteristics project to points z, ~'e T*([0, T] x c~2) with Z'2 >1~'[ 2, that is, they lie in the hyperbolic region for L. Over such points pass two bicharacteristics, one leaving ~ and the second reflected.
The reflected curves will not lie in the wavefront set of u, but will usually be carriers of singularities of v. These rays may again encounter the boundary where they will be reflected, passing again over hyperbolic points.
Let 
The Reflection Coefficient r(t, x; T, ~')
There are many equivalent ways to define the reflection coefficient r. We recall two in this section and a third will appear in the proof of the main estimate. The function r is defined on the hyperbolic region, {Z 2 >[~' [2} C T*(IR x ~O).
Plane Wave Definition
This is the usual treatment in physics texts. For q~ x t~Q, choose Euclidean coordinates so that the outward normal to t3f2 at q is (1, The coefficient of r is equal to ~w+ and does not vanish. If it did, then w+ would be an incoming plane wave solution of Lw+ =0, ~w+ =0. Starting with such a solution it is not difficult to show that the mixed problem L, B is not well-posed in the sense required in w 2. The frequency ks is large for rapidly oscillating solutions or for solutions which have rapid transitions. These are the most important problems for the wave equation. For them, the second term in (5.2) is small so the reflection coefficient is a reasonable measure to use when comparing artificial boundary conditions. 3. The reflection coefficient is unaffected by lower order terms in B. Thus, we provide no guidance in choosing such terms. The ideas of Engquist and Majda yield operators which are homogeneous when the boundary is flat. For curved boundaries, they have a prescription for the lower order terms. Examples. We first consider the family of boundary operators 8,+a8~, a>0. These are all energy nonincreasing. The case a = 0 is the Dirichlet condition, while the limit a ~ + oo yields the Neumann condition. The value a = 1 is the most classical of the absorbing conditions. It is exact in one space dimension. We treat the planar case xe~-~ 2.
Geometric Optics Definition
To compute the reflection coefficient at angle of incidence ae[O, n/2[ we use the plane wave definition. Let ~=(cose, sine), ~=(-cose, sine). Then, the reflection coefficient is the value r such that If the data are given on e)={lxl<Rt} and the artificial domain is ~2={Ix I ~R2} with RI<R2, then the maximal angle of incidence occurs for the rays tangent to the smaller disc. They have since= R1/R2, so the maximal reflection coefficient is given by, The corresponding reflection coefficient has magnitude equal to the square of the coefficient for 0~ + 0t [2, p. 633 ]. The table below gives values of e for two absorbing conditions in the case of concentric discs described above. For u, v in H~([0, T] x Q), we estimate the H ~ norm of the difference u-v. Any part dominated by const.e~/_21 can be neglected. Thus, we may suppose that for 0<t<6, WFu and WFv are supported in a small conic neighborhood of the null bicharacteristics passing over co. A pseudodifferential partition of unity replaces the resulting solution by a finite number of solutions, each supported away from ~ x 0~2 for t<3, and, with wavefront set supported in a small conic neighborhood of a single null bicharacteristic 7 +. We abuse notation by calling the continuations of these solutions u and v. They satisfy LueC% LveC ~. For u this is on IR n+ 1 and for v on ~ x (2 supplemented by the homogeneous boundary condition By=0. The C ~ term is estimated in terms of es-1.
Modulo a lower order, hence negligible, error, u = v until the bicharacteristic 7+ approaches the boundary ~ x ~?~2. At this boundary the singularity of u passes right through. The singularity of v is reflected. Known results on reflection of singularities proved in increasing generality by Chazarain [1] , Lax-Nirenberg [7] , Majda-Osher [6] , and Taylor [8] , show that the wavefront set of the reflected wave is contained in the reflected bicharacteristic. We need to make that result quantitative.
Near A+ --.4_ is elliptic at (q; r/'), its principal symbol is equal to 2L2(q, q,)1/2 which is positive since q, 1/' is in the hyperbolic region. Choose E a microlocal parametrix, so v=E(y, D')(v+ --v_)/2 modulo H ~-1
The boundary condition then reads, The function w+ + w_ is a geometric optics solution as in the second characterisation of the reflection coefficient. The principal symbol of the incident wave, w_, is identically equal to one by the last equality in (6.3). Thus the principal symbol of the reflected part is equal to the reflection coefficient, w+ )r, =o = r(Y ', dq~)eia~ 2x).
On the other hand, the asymptotic expansion of a pseudodifferential operator applied to e ~a~ (see [ in such a neighborhood. Then, standard microlocal techniques apply until the next reflection. At that point, another factor e will intervene. One continues with at most a finite number of reflections. The end result is the desired estimate, (5.1) . [] 
